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Johannes Kepler University of Linz, Linz, Austria; and {Agilent Technologies-Austria, Linz, AustriaABSTRACT Dynamic force spectroscopy probes the kinetic properties of molecules interacting with each other such as anti-
body-antigen, receptor-ligand, etc. In this article, a statistical model for the dissociation of such cooperative systems is presented.
The partner molecules are assumed to be linked by a number of relatively weak bonds that can be grouped together into coop-
erative units. Single bonds are assumed to open and close statistically. Our model was used to analyze molecular recognition
experiments of single receptor-ligand pairs in which the two molecules are brought into contact using an atomic force micro-
scope, which leads to the formation of a strong and speciﬁc bond. Then a prescribed time-dependent force is applied to the
complex and the statistical distribution of forces needed to pull the molecules completely apart is measured. This quantity is
also calculated from our model. Furthermore, its dependence on the model parameters, such as binding free energy, number
of bonds and groups, number of cooperative elementary bonds and degree of cooperativity within a group, inﬂuence of the force
on the binding free energy, and the rate of change of the pulling force, is determined.INTRODUCTIONMolecular interactions play an important role in biology.
Such interactions are widely probed by single-molecule pull-
ing experiments using atomic force microscopes, biomem-
brane force probes, or optical tweezers. For this, an anchored
molecule is attached to a pulling spring via a linker molecule.
The pulling spring is then retracted from the anchored mole-
cule, while monitoring the force acting on the spring, result-
ing in characteristic force traces. The mechanical stress
induced by the spring leads to a molecular transition such
as dissociation of the molecular complex (1–3) or unfolding
of a protein (4,5).
Various attempts have been made to interpret force traces
of single-molecule pulling experiments and to obtain infor-
mation from the unbinding force probability distribution
functions (PDFs). One way to derive equilibrium quantities,
e.g., binding free energy, is based on a remarkable theory by
Jarzynski (6,7) and was successfully applied on unfolding
experiments (8,9). A more classical treatment of the problem
uses Kramers’ (10) transition state theory (11–13). It allows
one to reconstruct an equivalent free energy profile along
a one-dimensional reaction pathway between the two react-
ing molecules (14–16) and to obtain kinetic dissociation
rates. Several refinements have been proposed to this simple
model. Dudko et al. (17) and Hummer and Szabo (18)
assumed a linear-cubic and a quadratic cusp form of the
interaction potential, respectively. This allowed us to obtain
the height of the energy barrier in addition to the parameters
obtained by the Evans model. Later, Dudko et al. (19) found
a unified description where an additional parameter n indi-
cated the actual shape of the potential—allowing us to fitSubmitted January 6, 2010, and accepted for publication March 29, 2010.
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sponds to linear-cubic and quadratic form, respectively).
In contrast to that, Raible et al. (20) assumed that in force
spectroscopy the chemical bonds of the interaction complex
shows a heterogeneity, leading to a dispersion of the effec-
tive dissociation length.
In this work we introduce a model using physically mean-
ingful parameters that are in principle accessible through
complementary experiments, e.g., by x-ray crystallography
(21), molecular dynamics (MD) simulations (22,23), and
point mutations with alanine screening (24). The model is
an extension of previous work (25) into which finite cooper-
ativity effects are incorporated. It is reminiscent of the
Glauber kinetic Ising model (26), which has been used to
describe the conformational transition of DNA (27). It was
also inspired by the work of Montroll and Shuler (28) on
the multiphoton dissociation of a diatomic molecule (in
fact a discretized version of the Kramers theory) but uses
a new interpretation of the energy levels. A statistical treat-
ment like in Schwarz (29) cannot be used because of the
finiteness of the Ising chain and possible boundary effects.MATERIALS AND METHODS
Conjugation of antibody (HyHEL5) directed against lysozyme to AFM tips
was performed using a flexible poly(ethylene glycol) (PEG) cross-linker as
described before (30).
For force spectroscopy, a dense lysozyme layer was produced by adsorb-
ing 10–20 mg/mL lysozyme in 1 mM NaCl (neutral pH) to freshly cleaved
mica. After 15 min waiting, the sample was washed using 1 mM NaCl
and finally phosphate-buffered saline.
We used a Macmode PicoSPM magnetically driven dynamic force micro-
scope (Molecular Imaging, Phoenix, AZ) which, for force spectroscopy, was
connected to a Nanoscope IIIa controller (Digital Instruments, Santa Bar-
bara, CA). For the detection of antibody-antigen recognition, force-distance
cycles were performed using antibody-coated cantilevers (cantilevers fromdoi: 10.1016/j.bpj.2010.03.060
324 Katletz et al.Veeco Instruments, Plainview, NY) with 0.01–0.03 N/m nominal spring
constants in the conventional contact force spectroscopy mode. The vertical
piezo-movement was 50–150 nm at sweep rates from 1 to 10 Hz. For quan-
tification of forces and force velocities, spring constants of cantilevers were
determined with the thermal noise method (31,32) and yielded spring
constants of 0.009–0.034 N/m depending on the cantilever. Analysis of force
distance cycles was performed using MATLAB (The MathWorks, Natick,
MA) as previously described (33). For blocking of the antibody-antigen
recognition, 3 mL HyHEL5 antibody was added to 197 mL phosphate-
buffered saline on the lysozyme-coated mica sheets, resulting in a concentra-
tion of ~100 mg/mL. After waiting for 20–30 min, force-distance cycles were
again recorded, indicating the specificity of the binding between the anti-
body on the tip and the lysozyme on the mica.
The functionality of lysozyme was tested with an enzyme immunoassay
(as described in (30)).0.08
N=6 m=3 c=1.4
E/kBT=16 l=0.9nm
experiment 0.3 HzEXPERIMENTAL RESULTS OF LYSOZYME
AND HYHEL5 ANTIBODY INTERACTION
In high-sensitivity AFM measurements, small spring con-
stants of the cantilevers must be chosen to measure forces
down to the 10 pN-range, as they are normally obtained
for single antibody-antigen-interaction (1,34,35). As these
forces depend on the loading rate used for retracting the
cantilever from the surface (11,15,23,36–39), we can obtain
information about the dynamics of the unbinding process of
ligand and receptor.
Interaction forces are measured by performing force-
distance cycles. When the cantilever is first brought toward
the surface, the initial lack of bending of the cantilever is
measured, and the deflection angle is almost zero. Repulsive
tip-sample interaction bends the cantilever upwards in the
contact region, resulting in a positive change of the deflec-
tion angle. The quantity Dz, the measured deflection, is
directly proportional to the interaction force f ¼ k  Dz
(Hooke’s law), where k is the spring constant of the canti-
lever. Subsequent retraction first results in relaxation of the
repulsive forces in the contact region (see Fig. 1, 0–10 nm).
If binding between the HyHEL5 antibody on the tip and0
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FIGURE 1 A set of typical retraction curves showing unbinding events of
lysozyme-HyHEL5 antibody.
Biophysical Journal 99(1) 323–332the lysozyme adsorbed to mica took place, continued retrac-
tion of the cantilever will bend the cantilever downwards,
caused by the attractive pulling force developed during
nonlinear stretching of the PEG-crosslinker (40) (see
Fig. 1, 10–30 nm). If the tip is retracted further, the antibody
will finally unbind from its antigen at a distinct critical force,
termed the unbinding force fu. Zero deflection is reached
again and no more bending of the cantilever is measured
during further retraction. If no binding between antibody
and antigen is measured, no downward bending is observed.
Repeating such force-distance cycle measurements yielded
a distribution of rupture forces (see Fig. 2). The origin of this
distribution is based on the fact that the single-molecule inter-
action of lysozyme and HyHEL5 antibody is subject to
thermal fluctuations. A second consequence of the stochastic
nature of the rupture process is that the distribution of
unbinding forces depends on the rate of change of the applied
force (i.e., loading rate) (Fig. 2).
To calculate the loading rate, one should also know the
elastic response of the PEG-molecule (40), which was
stretched in order to unbind antibody and antigen. The spring
constant kPEG is not constant but varies with the extension of
the cross-linker molecule. For calculating kPEG, the wormlike
chain model was used, which describes a polymer as a contin-
uous string with a contour length L0 and a statistically
segmented or persistence length Lp that reflects the flexibility
of the polymer (41). We shall approximate the exact result
by (42)
F ¼ WlcðzÞ ¼ kBT
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FIGURE 2 Distribution of rupture forces for various pulling frequencies.
Experimental (solid lines) and theoretical (dashed) curves for the parallel
unbinding model taking into account spacer effects.
Cooperative Binding Model 325In this formula, the contribution of the cantilever still has
to be included. The displacement x of the piezo, on which the
cantilever is mounted, and the extension of the polymer z
are related by x¼ zþ F/k. Then we can calculate the loading
rate by
dF
dt
¼ dF
dx
 v ¼ 1
W1lc ðFÞ
0 þ 1
k
 v; (2)
where Wlc
–1 is the inverse function of Wlc.
The stretching parts of the retrace of these force-distance
cycles that showed unbinding events were fitted with Eq. 1
and the contour and persistence lengths were obtained.
Furthermore, the first derivative dF/dz of the wormlike chain
model gives the spring constant kPEG depending on the
extension z of the PEG molecule. Because rupture takes
place at a certain extension zR, we took the mean value of
these unbinding lengths for every cantilever retraction
velocity and used it for calculating kPEG. Using Eq. 2, we
determined loading rates from 0.2 to 5.8 nN/s.
The binding probabilities were found to correlate with the
loading rates, resulting in lower binding probabilities for
higher loading rates. After calibration, measured unbinding
forces fu were plotted in probability density functions
(PDFs), depending on the loading rate as shown in Fig. 2
(solid lines). Every PDF was fitted with a Gaussian function,
yielding the most likely unbinding force (maximum of distri-
bution) and the standard deviation of it. Both were used for
the force-force velocity plot, which is shown in Fig. 3 for all
cantilevers used. As expected from an earlier description for
force spectroscopy experiments (11), a logarithmic depen-
dence of the maximum of the unbinding force on the loading
rate was observed. In addition, the width of the distribution
of unbinding force is increased with higher unbinding forces.
This is in contradiction with the theoretical framework of
Evans and Ritchie (11), which predicts that the width is
constant with varying loading rates.FIGURE 3 Unbinding force depends logarithmically on force velocity.THEORY
Distribution of unbinding forces
For irreversible unbinding under the influence of an exter-
nal force F(t), the distribution of rupture forces is related
to the survival probability of the binding complex S(t)
by (18)
pðFÞdF ¼  _SðtÞdt: (3)
The survival probability is assumed to satisfy a first-order
rate equation with a time-dependent rate coefficient (18)
_SðtÞ ¼  1
tðFðtÞÞSðtÞ; (4)
where t(F) is the dissociation time at force F.
Thus, the distribution of rupture forces is given by
pðFÞ ¼ 1
tðFÞ _FðFÞ exp


Z F
0
dF
0
t

F 0

_F

F 0
; (5)
where we have assumed that the force F is a monotonic func-
tion of time and its time derivative can be expressed as _FðFÞ.
It should be noted that Eq. 5 is only valid for quasistatic
rupture experiments, i.e., when the external force is varied
on a timescale much larger than the relaxation times of the
molecules. Otherwise, memory effects have to be taken
into account, i.e., the initial state of the complex has an influ-
ence and the description with a single dissociation time is
wrong.
With our model, we want to show that the important quan-
tity for the distribution of rupture forces is the dependence of
t on the external force F and not the exact time dependence
of this force. Thus, a good approximation is obtained even if
_FðFÞ is replaced by a mean loading rate vu at the most prob-
able unbinding force fu.
This is a direct consequence of the rather strong influence
of an external potential on the dissociation time of the mole-
cules. Based on Kramers’ theory (10), the unbinding process
can be treated as an escape from a metastable state over an
energy barrier (12,36,43,44). As a first approximation,
an external force reduces the dissociation time exponen-
tially (45),
t ¼ T0expðFl=kBTÞ: (6)
Assuming certain analytic forms for the energy well,
corrections to this exponential dependence can be obtained
(11,17,18).
Let us first obtain a first approximation for the expected
behavior by assuming an exponential decay of the dissocia-
tion time and a linearly increasing force. Then the mean
unbinding force and the variance of the distribution can be
approximated by an analytic expression. The mean unbind-
ing force obeys the same functional form as the maximum
of the distribution (11,45). LetBiophysical Journal 99(1) 323–332
326 Katletz et al.u ¼ kvT0l
kBT
be a dimensionless loading rate, where k is the effective
spring constant and v is the velocity of the cantilever of the
AFM. T0 is the dissociation time of the complex at equilib-
rium. The time-dependent external potential is then given by
FðtÞl
kBT
¼ u t
T0
:
With the abbreviation y ¼ Fl=kBT and assuming an expo-
nential decrease of the dissociation time with the applied
force,
t ¼ T0expðayÞ; (7)
we obtain for the mean rupture force
hFi ¼
Z N
0
pðFÞ  FdF; (8)
¼ kBT
l
Z N
0
exp


Z y
0
t0
utðy0 Þdy
0

dy; (9)
¼ kBT
al
exp

1
au

G

0;
1
au

; (10)
with the incomplete g-function
Gða; zÞ ¼
ZN
z
ta1etdt:
From Fig. 7, as seen later, we see that a typical value for
the parameter is a x 3. Because u x 104–105 in a typical
experiment, we can approximate the incomplete g-function
for small arguments
Gð0; xÞx g lnðxÞ
(Euler’s constant g x 0.577216) and find, for the mean
unbinding force, a logarithmic dependence on the pulling
velocityN=1
N=6
N=12
m=6
Antibody
Antigen
m=36
m=3
totN   =N·m
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al
lnðauÞ; (11)which was also observed in our experiment (Fig. 3) and in
the literature (12,43,46).
For the second moment of the probability distribution, we
use the steepest descent method,

F2
 ¼ kBT
al
2
2exp

1
au
Z N
0
exp

lnx  1
au
ex

dx;
(12)
x

kBT
al
2
2
ﬃﬃﬃﬃﬃﬃ
2p
p
x
3=2
0 ; (13)
where x0 is the solution of the equation
x0  expðx0Þ ¼ au;
and can be approximated by
x0xlnðauÞ  lnlnðauÞ:
Although the approximation of small forces made in
deriving Eqs. 11 and 13 is too rough to be used for a compar-
ison with experimental results, it is quite useful in predicting
general trends.New model for the antibody-antigen interaction
Instead of assuming a somewhat artificial analytic form for
the binding potential, we start from a model inspired by
the one introduced by Montroll and Shuler (47) for the disso-
ciation of molecules.
In Fig. 4 we show how Ntot interactions between an anti-
body and antigen complex is organized into N groups of
m ¼ Ntot/N bonds each. This idea is based on the results
by Dall’Acqua et al. (48) and Li et al. (49) that show that
the interaction region between lysozyme and the antibody
is made up of several loops, and these define the places
where the most relevant bonds are formed (21,22,50).FIGURE 4 Different possibilities for the organization of
bonds into groups.
FIGURE 6 Parallel versus sequential unbinding pathway.
Cooperative Binding Model 327Simpliﬁed noncooperative model
By dividing the molecular interactions into just N equally
strong bonds or group of bonds, a discretized version of
the Kramers’ problem is obtained as shown in Fig. 5. The
transition probabilities between the energy levels (which
correspond to the number n of open bonds) up to a common
prefactor are given by
Wn;nþ 1 ¼ ðn þ 1Þ
Wnþ 1;n ¼ ðN  nÞeb

DE FlNn
 ; (14)
where DE ¼ EN/N is the energy per group, and F the force
acting on the complex, which is assumed to be distributed
equally between the remaining intact bonds. The interesting
quantity of this set of differential equations is the smallest
not-vanishing eigenvalue corresponding to the dissociation
time of the binding (28). For not-too-large N this can be
computed easily by calculating the eigenvalues of the transi-
tion matrix (see (51); however, it is important to note that the
earlier thesis from that article, based on comparison with
experimental data, used preliminary data, and should there-
fore be considered as superseded by the results in this article)
or by direct integration (25).
In this simple form, i.e., for the limiting case of high coop-
erativity, where the bonds within one group open and close
all at once, or in the low force regime, where the unbinding
is much slower than the dynamics within a group, similar
results are obtained as in Eqs. 13 and 16—i.e., rather narrow
PDFs and only a small dependence of the width of the distri-
butions on the pulling velocity (25).Cooperative model
In Fig. 6 two possible unbinding pathways are depicted.
In the first one, the force acts on all intact bonds simulta-
neously. In the second, the force is only applied on the last
bond, i.e., unbinding is similar to opening a zipper, althoughEact=EN DG
0
1
2
N−1
N
FIGURE 5 Relationship between quadratic energy landscape and number
of equivalent group of bonds.the other groups are still allowed to open and close statisti-
cally. We have solved both scenarios, but will only show
the results of the first reaction scheme, as it seems more
appropriate for the lysozyme-antibody complex (for the
second, see (51); see also the note above regarding this
reference).
In Eq. 14, the unbinding rate of a single group is deter-
mined by the binding energy and the applied force in an
exponential factor. Now we will replace this factor with
the dissociation rate of a group of m bonds that interact
cooperatively.
The Hamiltonian of a linear Ising chain with nearest-
neighbor interaction between m spin variables is given by
H ¼ 3
Xm
i¼ 1
bi  d
X
bibiþ 1; (15)
where the variables bi in our case take the values 0 and
1 (lattice gas interpretation) in contrast to the usual
symmetric 51/2 case. The value zero is associated with a
dissociated bond whereas unity corresponds to a closed
bond. There are three different possibilities for transitions
in such a chain (excluding end-effects):
.000.#
1
r
.010.
.100ð001Þ.#1
r=c
.110ð011Þ.
.101.#
1
r=c2
.111. :
(16)
The first possibility corresponds to a nucleation process,
the second to an extension or shortening of a cluster of closed
bonds, and the last to the fusion of two clusters or the
breaking up into two parts. The rate constants are connected
to the energy parameters in Eq. 15 by
r ¼ expðb3Þ;Biophysical Journal 99(1) 323–332
328 Katletz et al.c ¼ expðbdÞ: (17)
It should be noted that the forward and backward rate
constants are given only up to a common factor again.
This factor is neglected at the moment but will have to be
adjusted as discussed subsequently. The kinetics of this Ising
chain is described by a master equation for all possible
configurations (52):
_xj ¼
X
k
Wjkxk: (18)
The xj values give the probability that the chain is in state j.
When the sequence b1.bm is associated with the binary
representation of j, computer modeling becomes straightfor-
ward. The value j can take values from 0 to 2m – 1, thus there
are 2m different configurations in all. Wjk is the transition
probability from k to j. The only undetermined feature of
the model left is how the spins at the end of the chain are
treated. One can either apply periodic boundary conditions,
i.e., biþm h bi, or open boundary conditions. In the latter
case, dummy spins b0 ¼ bmþ1 ¼ 0 are added. Both boundary
conditions give similar results, but the fitting parameters will
of course differ. In the remainder of this article, we will
assume the open boundary conditions.
This geometry is, of course, not intended to provide a close
similarity to the actual molecular configuration. However, it
corresponds roughly to a predominately linear or to a some-
what more compact grouping of the bonds.
In our experiments, a force is applied to the linkage
between the two molecules. This can also be included in
our model. If one assumes that the force acts equally on all
intact bonds, the transition rate from state j depends on
the number of closed bonds and has to be modified by the
factor
exp
0
BBB@b f lPm
l¼ 1
bl
j
1
CCCA; (19)
where
Xm
l¼ 1b
j
l
is the number of intact bonds in state j and f the force acting
on one group. We assume that the activation free energy
decreases linearly with a proportionality constant l. This is
expected to be a good approximation for not-too-strong
forces. The value l is a parameter that should be of the order
of the interaction range.
The interesting quantity to be obtained from Eq. 18 is the
first-passage time and its distribution, i.e., the time needed to
reach the dissociated state for the first time. The calculation
from Eq. 18 by direct integration or determination of the
eigenvalues is impractical, because the system is stiff, i.e.,Biophysical Journal 99(1) 323–332the eigenvalues vary greatly in magnitude. On the other
hand, this means that there is a separation of the fast relaxa-
tion timescales from the timescale on which the dissociation
takes place. Hence, the first-passage time of a single group of
bonds is nearly a Poisson distribution, with a single decay
rate. Once a bond is broken, however, the rate constant
changes due to the force redistribution, and a new Poisson
process is started.
This single dissociation rate rm of a single group replaces
the Boltzmann factor in Eq. 14. An efficient algorithm for its
calculation is included in the Appendix. Thus, the master
equation for the cooperative model is given by
Wnþ 1;n ¼ ðN  nÞ
Wn1;n ¼ nrm

r; c;
F
n

; (20)
where rm is the unbinding rate of an Ising chain of length m
subject to the force f ¼ F/n.
New parameters
The connection with physical quantities is facilitated by
using a different set of parameters. The total free energy of
the complex E is a lower bound for the activation energy
and is related to the number of cooperative units N and bonds
per unit m by
E
N
¼ 3  m d  ðm 1Þ: (21)
With the introduction of a new parameter c¼ d/3 that indi-
cates the ratio of cooperative interaction to binding free
energy, the rate constants are given by
r ¼ expðb3Þ ¼ exp

 jbEj
Nðm þ cm cÞ

; (22)
c ¼ expðbdÞ ¼ rc: (23)
The value c ¼ d=3 as well as the interaction length l have
to be treated as fitting parameters, but they influence the
mean unbinding force as well as the width of the distribution
significantly.
To connect these models with the actual system under
consideration, the time variable has to be rescaled such
that the dissociation time without external force t0 corre-
sponds to the lifetime T0 of the complex at equilibrium,
which can be determined experimentally (49).
In Fig. 7 we show the calculated behavior of the dissoci-
ation time on an external force for the parameters E/kBT ¼
20, m¼ 4, N¼ 5, and four values of the cooperativity param-
eter c. Only for small values of the external force does the
dissociation time decrease exponentially, and the parameter
c controls how strong the deviation for moderate forces
becomes.
In a search for the optimal parameters that give the best
agreement with experiments, the total minimum of the
function
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FIGURE 7 Decrease of the dissociation time as a function of the applied
force.
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FIGURE 8 Comparison of rupture force distributions calculated with an
exponential decrease of dissociation times (dashed lines, Eq. 6) and with
the cooperative model (solid lines). Note that a constant loading rate was
assumed for all distributions.
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f
10

Fmax  Fexp
2 þ s sexp2
was determined. Fmax is the maximum of the distribution of
unbinding forces and s its standard deviation. The sum runs
over all measured frequencies and the factor of 10 was
included somewhat arbitrarily to give more weight to the
maximum of the distribution. We confined ourselves to the
PDFs for three loading rates, in which the same antibody
was used. Good agreement can be obtained only for a
rather narrow range of parameters: E/kBT ¼ 16, N ¼ 6,
m ¼ 3, c ¼ 1.4, and l ¼ 0.9 nm. These parameters have
been used to calculate the rupture force distributions in
Fig. 2.
We think that the broadening of the PDFs with higher
pulling speeds is inherent to the lysozyme-HyHEL complex
and not due to other effects, e.g., the nonlinearity of the
applied force over time. In Fig. 8, we also compare the
results obtained from Evans’ treatment (based on Bell’s
exponential decay of the dissociation time) with the force
distributions obtained with the cooperative model for aver-
age and constant loading rates. The parameters were taken
from the above fit.DISCUSSION
The values for the score functions indicate that for the lyso-
zyme-antibody complex the parallel unbinding pathway is
more appropriate. The parallel unbinding model gives nearly
perfect agreement with the experimental curves.
The introduction of cooperativity within a group of bonds
allowed us to describe successfully both the shift of the
maximum and the broadening of the unbinding force distri-
butions with the loading rate. We also noted that the param-eters found are in good agreement with other experimental
results. From x-ray spectroscopy and MD simulations, the
total number of bonds was estimated to be ~20. Our best
model gives N  m ¼ 18. The estimation that ~3–5 residues
contribute to the bond of a single loop of the antibody also
agrees reasonably well with our results.
The parameter xb ¼ 0.81 nm in the simplest version of
Evans’ theory, determined by a fit of the maximum of the
unbinding force versus the loading rate, agrees well with
the parameter l¼ 0.9 nm for the parallel unbinding pathway.
In Fig. 8, we show the result of this Evans type theory for
the unbinding probability density function (16). Clearly,
the simplest Evans theory cannot reproduce the width of the
distributions and their dependence on the loading rate. In this
respect, it resembles an earlier version of our model, which is
the limit for high c of the model presented in this article.
Because the Evans theory assumes a constant rate of change
of the force, we also performed a calculation for our present
model with a linearly increasing force. These results are
shown in Fig. 8. We see that nonlinearity and cross-linker
effects must be taken into account to obtain a really satisfac-
tory agreement, but our model describes the qualitative
dependence of the distribution shape on the loading rate
much better than the simple Evans theory even for a linearly
increasing force scenario.
Whether all six loops contribute equally to the overall
binding is still undetermined. Measurements of kinetic
rate constants of point-mutated antibodies (i.e., alanine
screening) indicate that there are at least four spatially rather
widely separated amino acids that play an important role in
the binding. Alterations of these residues drastically reduce
the dissociation time. Molecular dynamics simulations
(23,53) find that all six loops play a significant role during
the dissociation process. Presumably, this is also the case
at the very different timescales relevant to our ruptureBiophysical Journal 99(1) 323–332
330 Katletz et al.experiments with the AFM. Still, it is possible that the
unbinding pathway is different for different force velocities,
and that different rate-limiting steps are involved. Our theory
assumes identical groups of bonds and therefore results in a
mean number. Should experimental evidence require groups
of distinct strength, it would also be possible to adapt the
theory accordingly—but at the cost of introducing more
parameters.
The activation energy obtained is rather low, but still close
to the value obtained through BIACORE experiments. It was
also found by S. J. Smith-Gill (Laboratory of Genetics,
National Cancer Institute, National Institutes of Health,
Bethesda, MD, personal communication, 2000) that recogni-
tion of lysozyme by an antibody is, in fact, a two-step
process. An encounter state is established, which then decays
into the docking state. This process takes place on a timescale
that is also comparable to that of our rupture experiments.
Hence, it is possible that the rupture from the energetically
higher encounter state rather than from the thermodynami-
cally preferred docking state has been determined. There-
fore, the measured binding energy might still lie below the
actual binding energy of our complex.
We also should admit that our model is only useful if some
properties of the complex are already known, e.g., the dissoci-
ation time of the undisturbed system. Our theory does not
yield absolute kinetic rates but can only estimate how kinetic
rates are influenced by an external potential. Furthermore,
interactions between macromolecules are dynamic processes.
Reconformations take place and by applying an external force,
the molecules are also deformed. The redistribution of the
force over the groups that remain bound after the sequential
unbinding of the different groups introduces a dynamic ele-
ment into our model, but this is of course a very crude approx-
imation to the reconformations that actually take place.
Nevertheless, we think that we have included all essential
features of an antibody-antigen complex to describe the
force-induced dissociation in a correct manner. It is also
a statistical model that fits the measured distributions and
their variations with the loading rate quite well. The number
of parameters that have to be fitted is rather large, but we
obtained good fits only in a very small range of the parameter
space, with physically plausible values. One parameter about
which independent information is hard to obtain is the coop-
erativity. Its introduction is essential for obtaining the right
shape for the rupture force distributions at different loading
rates. However, as other effects not included in our model,
such as variations in the point of attachment, may also con-
tribute to the width of the measured distributions, the numer-
ical values obtained from our fit should be treated with
caution.CONCLUSIONS
The dynamic force spectroscopy results of lysozme-
HyHEL5 antibody interaction showed that the maximumBiophysical Journal 99(1) 323–332of the unbinding force distribution depends logarithmically
on the applied loading rate, which is in agreement with the
theory of Evans and Ritchie (11). In this article, we present
a theoretical framework that is not only able to explain the
loading rate dependence of the full distribution of rupture
forces, but also allows us to gain detailed insights into the
interaction mechanism.
Our model takes into account that the interaction between
proteins consists of a large number of weak bonds, which can
open and close statistically. Unbinding occurs when all weak
bonds are open. In addition, we take into account that these
bonds form cooperative groups, i.e., the state of the bond is
influenced by its neighbor. Our new model has six parame-
ters that need to be fitted to the experimental data:
1. The total free energy, E
2. The number of cooperative groups, N
3. The number of weak bonds per cooperative group, m
4. The bond cooperativity, c
5. A force scale value, l, which relates the reduction of the
unbinding potential with the applied force, and
6. The kinetic off rate at zero force koff ¼ 1=t0.
In this case of the lysozyme-HyHEL5 antibody interaction
we found that the number of cooperative groups and the
number of bonds per groups agreed well with x-ray spectros-
copy and MD simulations. The activation energy is com-
parable to the one found by surface plasmon resonance
measurements. The l found is close to the xb extracted using
the model of Evans and Ritchie (11).
The application of our model is not limited to antibody-
antigen interactions; it could be expanded to any force spec-
troscopy experiments or even unfolding data.APPENDIX
A stationary state method
This so-called trick (55) (also called flux-over-population
method) has been applied for a long time (for a modern
application see, e.g., (56)). The stationary solution of
Eq. 18 is the state where all bonds have dissociated, i.e.,
x0 ¼ 1 and xi ¼ 0 for i s 0. The modification bypasses
this state and leads all transitions back into the ground state.
The new stationary solution will then contain a flux F
through the system.
The modified transition matrices for the three-spin system
are shown in Table 1. The new equation to be solved is linear
and reads
W  ~xstat ¼ 0;
where the vector ~x contains the probabilities of the state
j ¼ 1.ð2m  1Þ and is normalized by
X2m1
j¼ 1 xj ¼ 1:
TABLE 1 Stationary state matrix with open boundary conditions
Binary No. 001 010 011 100 101 110 111
State No. 1 2 3 4 5 6 7
0 r r r
1 –(r þ 2) r/c r
2 –(r þ 2) r/c r/c
3 1 1 –(1 þ 2r/c) r=c
4 –(r þ 2) r r/c
5 1 1 –(1 þ 2r) r/c
2
6 1 1 –(1 þ 2r/c) r=c
7 r r 1 r 1 1 –(2r/c þ r/c2)
For periodic boundary conditions, the elements in squares are divided by c, and the diagonal elements adjusted accordingly.
Cooperative Binding Model 331Solving a set of linear equations is a stable and efficient
procedure. The mean first-passage time can then be approx-
imated as the inverse of the stationary flux,
1
t
¼ F ¼
X2m1
i¼ 1 W0ix
stat
i :
As we could show (see (51); see also the note above
regarding this reference), all three methods (direct integra-
tion, eigenvalue calculation, and the stationary state method)
agree quite well. The difference can be attributed to the
degree of freedom one still has in choosing initial values
of the probability distribution in the original model, with
the thermal distribution as the natural choice.
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sions on modeling antibody-antigen kinetics. We are also much obliged to
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thanks Vassili Pastushenko for pointing out the stationary state method.
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